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Abstract 

We present the result of a full direct component calculation for the non-planar contribution 
to the four-loop anomalous dimension of the Konishi operator in A/" = 4 Supersymmetric 
Yang- Mills theory. The result contains only ({5) term and proportional to C(5) contribution 
in the planar case, which comes purely from wrapping corrections. We have extended also 
our previous calculations for the leading transcendental contribution arXiv:0811.0607 on 
non-planar case and have found the same results up to a common factor. It allows us to 
suggest that the non-planar contribution to the four-loop universal anomalous dimension 
for the twist-2 operators with arbitrary Lorentz spin is proportional to Sl{j)({5). This 
result gives unusual double-logarithmic asymptotic In^j for large j. 



In our previous papers PQ [2] we have calculated the planar four-loop anomalous dimen- 
sion of the Konishi operator and the leading transcendental contribution to the four-loop 
universal anomalous dimension of twist-2 operators in the J\f = 4 supersymmetric Yang- 
Mills (SYM) theory. Calculations have been performed in component as a full direct 
computation of the anomalous dimension of the twist-2 operator. The advantages of our 
method are the full automation of process of calculations and the absence of any sugges- 
tion about specific properties of operators, so these results can serve as "experimental" 
test for the similar results obtained with the help of integrability [3] in the framework of 
AdS/CFT-correspondence [3]. The planar four- loop anomalous dimension of the Konishi 
operator were computed earlier by two different ways from the both sides of AdS/CFT- 
correspondence. In the Af = 4 SYM theory the calculations were performed in the super- 
field formalism and take into account only diagrams did not included in the asymptotic 
Bethe-ansatz [S], following Ref. [B]. From superstring side [7] the finite size effects were 
take into account using Liischer formulas [8]. The results of both computations are in 
agreement after corrections from the perturbative side. Our result of the full direct cal- 
culation is the same and confirms correctness all suggestions of the computations from 
Refs. OEI, including the correctness of the asymptotic Bethe-ansatz up to the four loops. 
Our result for leading transcendental contribution to the four-loop universal anomalous 
dimension for the twist-2 operators with arbitrary Lorentz spin was used together with the 
predictions from the Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation [9J to check the cor- 
responding part of the finite size corrections [10] to the four-loop anomalous dimension of 
BMN-operators [HJ from the s/(2) sector obtained from the asymptotic Bethe ansatz [T^ . 

One more advantage of our method of the full direct calculation is the possibility to 
obtain full color structure for the four-loop Konishi. In this paper we present from the first 
time the result for the non-planar (color subleading) contribution to the four-loop Konishi 
and for the first three even moments for the leading transcendental contribution to the 
four-loop universal anomalous dimension of the twist-2 operators with arbitrary Lorentz 
spin in A/" = 4 SYM theory. 

The calculation of the non-planar contribution, which is proportional to the quartic 
Casimir operator 1^44 (see Ref. [I3j), can be split in two part according to the basic parent 
topology for master-integrals. For the four-loop tadpoles with equal mass lines we have 
two parent topologies presented in Fig. [1] planar topology A and non-planar topology 
B. These two topologies correspond to the master-integrals PR12 and PRO from Table 
1 of Ref. [H] and all other topologies from this table can be obtained by cancelling one 
and more lines inside parent topologies. For the diagrams from the first, planar class we 
already have the well-tested program for the four-loop calculations which based on our 
own implementation of the Laporta's algorithm [15] for the resolution of the integration 
by part (IBP) identities in the form of MATHEMATICA package BAMBA and using the 
method from Refs. [TU]. With this program we produced database for all necessary integrals 
expressed through master- integrals from Ref. [H]. For the second, non-planar class of 
diagrams in principal we should generate and resolve all sets of new IBP identities. But we 
have a great simplification if noting that the cancellation any one line in the non-planar 
topology B gives topology C, which can be obtained with the cancellation of any horizontal 
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Figure 1: Basic parent four-loop planar (A) and non-planar (B) topologies and topol- 
ogy (C) obtained by cancelling one horizontal line in topology A or any one line in topol- 
ogy B. 



line from the planar topology A and for topology C we already have the recurrence relations 
for all necessary integrals. So, for the non-planar topology B we should go only on one step 
in the resolution of the IBP identities, then change momentum according to topology C 
and reexpand denominators if it is necessary. In this way we extend our database only with 
integrals with different positive powers for all nine propagators of the non-planar topology 
B. 

Thus, we have repeated our previous calculations for the Konishi operator [17] 

Ok. = tr [AA' + B^B'] , 2 = 1,2,3, (1) 

where and B^ are the real adjoint scalar and pseudoscalar fields correspondingly, keep 
quartic Casimir operator 1^44 (did not substitute its leading color value ^44 = N'^/2A as be- 
fore) and using additional FORM procedure for the diagrams with the non-planar topology 
B from Fig.[Tl To check, that our program work correctly we reproduce both planar (~ C^) 
and non-planar (~ ^44) parts for the anomalous dimension of the gluon field [H] coming 
from the pure Yang-Mills gauge theory. All diagrams were produced with DIANA [18] , 
which call QGRAF [19j to generate all diagrams and obtained code were calculated with 
FORM [20], using FORM package COLOR pJiJ for evaluation of the color traces. 

The final result after subtraction of the anomalous dimension for the scalar fields is: 

12 -ASg^ + 336 / + f -2496 + 576 C(3) - 1440 (l + ^ C(5)l / , (2) 
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and the following non-planar contribution to the four-loop anomalous dimension for the 
(pseudo)scalar fields (see Ref. [Ij for the planar part): 

^4-loop, non-planar ^(^_^2-177 C(3) + 555 C(5)) . (4) 
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An important check of our result is the absence of higher poles and some special 
numbers such as C(2), C(4), S2 and other, which enter in the scalar master integrals from 
Ref. [H]. 

Also we have repeated our previous calculations for the first three moments of the 
leading transcendental contribution to the four-loop universal anomalous dimension of 
twist-2 operators [2]. As in planar case we have produced the database for the scalar 
integral^ containing (^5 for non- planar topology B from Fig. [T] with the MATHEMATICA 
package FIRE ^T\. Surprisingly, but the non-planar leading transcendental contribution 
to the four-loop universal anomalous dimension is modified in the same way as the Konishi 
in Eq. (El) 

7S(J) = - 640 - 2) (^1 + ^) C5 . (5) 

Based on the fact, that the non-planar contribution to the four-loop anomalous di- 
mension of the Konishi operator ([21) contains only ({5) and take into account Eq. (I5|) it 
is reasonable to suggest that the full non-planar (color subleading) contribution to the 
four-loop universal anomalous dimension of twist-2 operators with arbitrary Lorentz spin 
has the following form: 



7fi (j) = -640 SlU - 2) — C(5) , (6) 

c 

withl 

lumij) = l^lij) 9' + 72.(J) 9' + 7E(J) 9' + 7S(J) / + - (7) 

from Refs. [231 [23 [23 [HI [ID] ■ 

Note, that really, we have calculated only first three even moments j = 2, j = 4 and 
j = 6 for this equation and it can be modified with other harmonic sums (see Ref. [2]). 
Moreover, it is possible, that for higher values of moments j the non-planar contribution to 
the four-loop universal anomalous dimension will contain the terms which is proportional 
to C(3) and rational number to give such combination of the harmonic sums that for j = 4, 
i.e. for the Konishi, they will give zero. 

However, let's us suggest that Eq.([6]) is correct. There are two important consequence 
of this result. First of all it will gives the unusual behavior for the large spin j limit, which 
will proportional to In^j instead of expected In j [26]. Another consequence comes from the 
analytical continuation to j 1 + uj, where the predictions from the BFKL equation exist. 
The analytical continuation of Eq.([ni) gives l/uj"^ pole which comes from the (jet unknown) 
next-to-next-to-leading logarithmic approximation (NNLLA or third order corrections) to 
the kernel of the BFKL equation and, then, it should contain corresponding non-planar 
contribution at this order. As the universal anomalous dimension of the twist-2 operators 
and the kernel of the BFKL equation in A/" = 4 SYM is the most complicated part of the 
corresponding QCD results these futures should be hold also in QCD. 



^Results for integrals can be obtained under request. 

^Similar result was obtained for the twist-3 operator up to the five loops [121 [22] • 
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In spite of planar AdS/CFT system well studied from the both sides of gauge/string 
duality and seems to be solved [27J, non-planar results in = 8 SYM theory have been 
obtained only for gluon scattering amplitudes, which are related with Af = 8 Supergrav- 
ity [2H]- Our results show that the non-planar contribution at least for the anomalous 
dimension of the twist-2 operators has a rather simple form and relation with the wrap- 
ping corrections and probably can be studied with other methods widely used for the planar 
case. 
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